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WEAK NORMALITY AND SEMINORMALITY IN THE MIXED
CHARACTERISTIC CASE
JUN HORIUCHI AND KAZUMA SHIMOMOTO
Abstract. In this article, we give a few examples of local rings in relation to weak
normality and seminormality in mixed characteristic. It is known that two concepts can
differ in the equal prime characteristic case, while they coincide in the equal characteristic
zero case. No explicit examples seem to be documented in the existing literature in the
mixed characteristic case. We also establish the local Bertini theorem for weak normality
in mixed characteristic under a certain condition.
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1. Introduction
The purpose of this article is to initiate a study of weak normality and seminormality
on commutative rings with mixed characteristic. Before starting to explain main results,
let us give a historical aspect of the theory. The theory of seminormal rings arises from
the following question: Let A be a commutative ring. When are the Picard group of A
and the Picard group of the polynomial ring over A equal to each other? Traverso [23]
and Hamann [13] have answered this question as follows.
Theorem 1.1. Let A be a reduced Noetherian commutative ring with total quotient ring
Q(A). Then the following conditions are equivalent.
(1) Pic(A) = Pic(A[X]).
(2) Pic(A) = Pic(A[X1, . . . ,Xn]) for all n ∈ N.
(3) A is seminormal in Q(A).
(4) If a ∈ Q(A) and a2, a3 ∈ A, then a ∈ A.
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In [23], it was assumed that A had finite normalization in Q(A), but this was later
eliminated by Gilmer-Heitmann in [11]. On the other hand, the study of weakly normal
rings has its roots in investigating weakly normal varieties over the complex numbers,
due to Andreotti-Bombieri [1]. In this section, let us recall briefly definitions of weak
normalization and seminormalization. Throughout this article, rings are commutative
with unity. Let A ⊂ B be an integral extension of commutative rings and consider the
subrings of B:
A+B =
{
b ∈ B
∣∣∣ b
1
∈ Ap + J(Bp), p ∈ Spec(A)
}
and
A∗B =
{
b ∈ B
∣∣∣ ( b
1
)pn
∈ Ap + J(Bp) for some n ∈ N, p ∈ Spec(A)
}
,
where the symbol J(A) denotes the Jacobson radical of the ring A and p is the character-
istic exponent of the field k(p) = Ap/pAp. We say that A
+
B is the seminormalization of A
in B, and A∗B is the weak normalization of A in B. One can check that A
+
B ⊆ A∗B , and
these notions coincide when the field k(p) is of characteristic zero. Let Q(A) be the total
quotient ring of A. In the case that B is the normalization of A in Q(A), we write A+
instead of A+B (resp. A
∗ instead of A∗B). If A
+ = A, then we say that A is seminormal,
and if A∗ = A, then we say that A is weakly normal. From the definition, we have the
implications; normal ⇒ weakly normal ⇒ seminormal.
Swan redefined the definition of seminormal rings modifying the characterization by
square-cubic Theorem 1.1(4) without mentioning an extension of rings. It is common to
adopt the generalized definitions due to Swan [21] and Yanagihara [25]. We will limit
our attention to only Noetherian rings, although the definition makes sense over general
commutative rings.
Definition 1.2. Let A be a commutative Noetherian ring.
(i) Assume that for any elements b, c ∈ A with b3 = c2. Then there exists an element
a ∈ A satisfying b = a2, c = a3.
(ii) For any elements b, c, e ∈ A and any non-zero divisor d ∈ A with cp = bdp and
pc = de for some prime p, there is an element a ∈ A with b = ap and e = pa.
We call a ring A which satisfies the condition (i) seminormal in the sense of Swan, and
which satisfies both conditions (i) and (ii) weakly normal in the sense of Yanagihara.
Remark 1.3. If the ring is seminormal in the sense of Swan, then it is seminormal in the
original sense and the reverse implication holds when the ring is reduced. In the same
way, if the ring is weakly normal in the sense of Yanagihara, then it is weakly normal in
the original sense and the reverse implication holds when the ring is reduced. Notice that
the condition (i) implies that the ring is necessarily reduced. For the proof of these facts,
we refer the reader to [21] and [25].
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We close this section by introducing one characterization of weakly normal rings. We
use this characterization in the proof of the main theorem; see [16, Theorem 1.6] for the
proof.
Theorem 1.4 (Manaresi). Let R ⊆ S be an integral extension of commutative Noetherian
rings. Then R is weakly normal in S if and only if the sequence of R-modules:
R→ S
f
⇒
g
(S ⊗R S)red
is exact, where f(b) = b⊗1 (mod √0) and g(b) = 1⊗b (mod √0). That is, R is isomorphic
to the equalizer of S
f
⇒
g
(S⊗RS)red.
Let R → S be a ring homomorphism. Then we say that R → S is unramified in
codimension 1, if the localization map Rp → Sp is unramified for all height-1 primes
p ∈ Spec(R). Using the above characterization, we establish the following result; see
Theorem 3.6.
Main Theorem 1. Let (V, π, k) be an unramified complete discrete valuation ring of
mixed characteristic p > 0. Suppose that (R,m, k) is a V -flat complete local domain
which induces an isomorphism on residue fields k ∼= V/(π) ∼= R/m and that the following
conditions hold:
(1) R→ R is unramified in codimension 1, where R is the integral closure of R in the
field of fractions of R;
(2) let x0, . . . , xd be a fixed set of minimal generators of m;
(3) the residue field k is infinite.
Then there exists a non-empty Zariski open subset U ⊂ Pd(k) such that (R/xα˜R)p is a
weakly normal local reduced ring of mixed characteristic for every α = (α0 : · · · : αd) ∈
Sp−1V (U) and p ∈WN(R) ∩ V (xα˜) ∩ Spec◦(R), where we put
xα˜ :=
d∑
i=0
α˜ixi.
The second result is the following; see Example 2.1 and Example 3.8, respectively.
Main Theorem 2. The following assertions hold:
(1) There is a local Noetherian domain (R,m) of mixed characteristic such that R is
seminormal, but not weakly normal.
(2) There is a local Noetherian domain (R,m) of mixed characteristic such that R is
weakly normal with Serre’s (R1)-condition, but not normal.
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2. An example of a weakly normal ring in mixed characteristic
We present an example of a local ring in mixed characteristic that is seminormal, but
not weakly normal. Examples of this type do not seem to abound in the existing literature.
Example 2.1. Let Z2 be the ring of 2-adic integers, and let Z2[[X,Y ]] be the ring of formal
power series ring in indeterminates X and Y . We put
A := Z2[[X,Y ]]/(Y
2 − 4X).
Then A is a 2-dimensional local domain of mixed characteristic. We write x, y the images of
X,Y , respectively. Consider the natural injection into the field of fractionsQ(A) = Q2((y))
A = Z2[[X,Y ]]/(Y
2 − 4X) →֒ Q(A) = Q2((y)).
We show that A is seminormal, but not weakly normal. We check that A is seminormal.
As seminormality can be checked at the localization, it is sufficient to check that Ap is
seminormal at every prime p ⊂ A. Moreover, A satisfies Serre’s (S2)-condition, it suffices
to consider only height-1 primes p in view of [12, Corollary 2.7]. If 2 /∈ p, then Ap is
regular and there nothing to prove. So let us assume 2 ∈ p. Then we get p = (2, y) which
is the only height-one prime containing 2. After taking completion, we get
Âp ∼= V [[T ]]/(T 2 − 4u),
where V is an unramified complete DVR and u ∈ V [[T ]]× is a unit, which is obtained as
follows. The residue field of Âp is isomorphic to F2((u)). Here, u is the image of X under
the map A→ Âp. Let m be the maximal ideal of Âp. Then e(Âp) = 2 = dimF2((u))(m/m2).
Moreover,
grm(Âp)
∼= F2((u))[S, T ]/(S2 − T 2u)
and u ∈ F2((u)) does not admit a square root and therefore, grm(Âp) is reduced. By Davis’
result [7], we see that Âp is seminormal and so is Ap by [12, Corollary 5.3].
Next we check this ring is not weakly normal. Let us take y2 ∈ Q(A). Then it is easy
to check, 2(y2 ) = y ∈ A, (y2 )2 = y
2
4 =
4x
4 = x ∈ A, and y2 is not contained in A. Therefore,
our ring is not weakly normal. See [15, Proposition 1] for details of the criterion about
weak normality.
We want to include a second proof of Example 2.1 due to Karl Schwede. He uses the
methods using the pull-backs, which is stated as follows. The authors would like to thank
him for permitting us to include this result. Before stating the result, let us define one
terminology. Let A be the ring of characteristic p > 0, and let B be the subring of A. We
say that the ring extension B ⊂ A is generically purely inseparable, if for any a ∈ A, there
exists an integer e ≥ 0 such that ape ∈ B.
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Theorem 2.2 (K. Schwede). Let R be a Noetherian normal local domain of mixed char-
acteristic p > 0 and let I ⊂ R be any proper ideal such that R/I is reduced. Assume
that B is a seminormal Noetherian subring of R/I such that B → R/I is module-finite,
but generically purely inseparable. Then the pull-back of the diagram R → R/I ← B is a
Noetherian seminormal local domain of mixed characteristic, which is not weakly normal.
Proof. Let R′ be the pull-back of the diagram R→ R/I ← B. First off, the seminormality
of R′ follows from [24, Lemma 2.23]. We put X = Spec(R), Y = Spec(B) and Z =
Spec(R/I). Since B → R/I is generically purely inseparable, the induced map Z → Y
is a homeomorphism with purely (or trivial) residue field extensions. From now on, we
will show that R′ ⊂ R is a weakly subintegral and birational extension. Since Spec(R′) =
X ∪Z Y (see [20, Theorem 3.4]), we have an isomorphism:
Spec(R′) \ V (R′ ∩ I) ∼= X \ V (I),
where V (I) = Y . Thus, R′ → R is a birational extension. On the other hand, notice
that V (R′ ∩ I) → V (I) coincides with Z → Y , which was already seen to be weakly
subintegral. Hence we have a (non-trivial) weakly subintegral birational extension R′ ⊂ R.
In particular, R′ is not weakly normal. It is not hard to check that R′ is a Noetherian
local domain with mixed characteristic and we leave it as an exercise. 
Proof of Example 2.1. With the same notation as in Theorem 2.2, we put R = Z2[[T ]] and
set I to be an ideal generated by 2. Then we have R/I ∼= F2[[T ]]. Let B = F2[[T 2]] be a
subring of F2[[T ]]. Notice that
B = F2[[T
2]]→ F2[[T ]] ∼= R/I
satisfies the hypothesis of Theorem 2.2 (c.f. [24, Example 2.13]). By a simple calculation,
we see that 2T , T 2 and Z2 generate the pull-back as a ring. We set Y = 2T , X = T
2 to
get the relation Y 2 − 4X = 0. Then the pull-back of the diagram R → R/I ← B is the
same ring as A. 
Remark 2.3. For any prime p > 0, setting B = Fp[[T
p]] as a subring of R = Fp[[T ]], we
can modify Example 2.1 to get the similar result in mixed characteristic p > 0.
3. Local Bertini theorem for weak normality in mixed characteristic
In this section, we discuss the local Bertini theorem for weak normality in mixed char-
acteristic. The second-named author and Ochiai proved the local Bertini theorem for
normality in mixed characteristic case; see [19, Theorem 4.4]. Cumino, Greco and Man-
aresi studied the Bertini theorem for weak normality in characteristic zero in [5]. To
state our theorem, we need some preparation and we begin with the definition of the
specialization map to formulate the local Bertini theorem in mixed characteristic.
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Definition 3.1 (Specialization map). Let (V, π, k) be a discrete valuation ring. Recall
the construction of the specialization map SpV : P
n(V ) → Pn(k). Let us pick a point
α = (α0 : · · · : αn) ∈ Pn(V ) with its lift α˜ = (α˜0, . . . , α˜n) ∈ V n+1 \ {0, . . . , 0}. Then we
define
SpV (α) := (α0 : · · · : αn) ∈ Pn(k),
where we put αi := α˜i (mod πV ).
Every point of Pn(V ) is normalized and this map is independent of the lift of α = (α0 :
· · · : αn). Therefore, the specialization map is well defined. Let (R,m, k) be a Noetherian
local V -algebra and pick a system of elements x0, . . . , xn from the maximal ideal m and
choose a point α = (α0 : · · · : αn) ∈ Pn(V ). Let us put
xα˜ :=
n∑
i=0
α˜ixi,
where α˜ = (α˜0, . . . , α˜n) ∈ V n+1 \ {0, . . . , 0} is a lift of α = (α0 : · · · : αn) ∈ Pn(V ) through
the quotient map V n+1 \ {0, . . . , 0} → Pn(V ). The principal ideal xα˜R does not depend
on the lift of α ∈ Pn(V ).
For an ideal I ⊆ R of a Noetherian ring R, we denote by V (I) the set of points of
Spec(R) which contain I. We denote by Reg(R) the regular locus of Spec(R) and by
Sing(R) the singular locus of Spec(R). Denote by Spec◦(R) the complement of the set of
all maximal ideals in Spec(R). Finally, denote by WN(R) the set of p ∈ SpecR such that
Rp is weakly normal. We denote the n-th symbolic power ideal of p by p
(n) = pnRp ∩ R.
We need a generalization of [19, Theorem 4.3]:
Theorem 3.2. Let (R,m, k) be a complete local domain of mixed characteristic p > 0 with
residue field k and suppose that the following conditions hold:
(1) let V → R be a coefficient ring map, where (V, π, k) is an unramified complete
discrete valuation ring which induces V/(π) ∼= R/m;
(2) let x0, x1, . . . , xd be a set of elements of m;
(3) the residue field k is infinite.
Consider the natural map of R-modules:
φ :
n⊕
i=0
Rdxi → Ω̂R/V
and let W be the subset of the punctured spectrum Spec◦(R) consisting of primes p for
which the localization map φp is surjective. Then W is open in Spec(R) and then there
exists a non-empty Zariski open subset U ′ ⊆ Pd(k) such that
xα˜ :=
d∑
i=0
α˜ixi /∈ p(2)
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for every p ∈W and for every α = (α0 : · · · : αd) ∈ Sp−1V (U ′) ⊆ Pd(V ).
Proof. By Nakayama’s lemma, W is open in Spec(R) and we may assume that W is non-
empty without loss of generality. Let M := Ω̂R/V and let N := Im(φ) under the notation
of [19, Lemma 3.4]. So let p ∈W . Then we have (Ω̂R/V )p/ Im(φp) = 0 and thus,
(3.1) µp(Ω̂R/V ) ≥ dim
(
V (p) ∩W )− t.
We know µp(Ω̂R/V ) ≥ dim(R/p) − 1 by [9, Lemma 2.6]. Since R is a catenary local
domain and W ⊂ Spec◦(R) is a non-empty open subset, it follows that dim(R/p) − 1 =
dim
(
V (p) ∩ W ) and one can choose t = 0 in (3.1): Indeed, there is a nonzero ideal
I ⊂ R such that W = Spec◦(R) \ V (I). Then any prime ideal q ⊂ Spec(R) that is
maximal such that p ⊂ q and I 6⊂ q satisfies ht(q) = dimR − 1 and q ∈ W . So we have
dim
(
V (p) ∩W ) = ht(q) − ht(p) = dim(R/p) − 1, as wanted.
By letting n := d+ 1 in [19, Lemma 3.4], we see that the condition (1) of [19, Lemma
3.5] is satisfied, thanks to the fact that the polynomial ring over R is a catenary domain.
Then just keep track of the proof of [19, Theorem 4.3] and the details are omitted. 
Remark 3.3. Let R be a Noetherian ring and let p ∈ Spec(R) such that Rp is regular.
Take an element x ∈ p. If x /∈ p(2), then we can show that the localization of R/xR at p is
regular. Since Rp is regular, Rp/xRp is regular too. Thus Theorem 3.2 yields the inclusion
Reg(R) ∩ V (xα˜) ⊆ Reg(R/xα˜R) holds true for α = (α0 : · · · : αd) ∈ Sp−1V (U ′).
Lemma 3.4. Let R be a complete local domain with coefficient ring map A→ R, where A
is an unramified complete discrete valuation ring. Assume that R → S is a module-finite
extension such that S is normal. Then there is a coefficient ring map B → S for which
there is a commutative square:
R −−−−→ Sx x
A −−−−→ B
Proof. The proof is obtained by making a slight modification of the proof of [17, Theorem
29.1] as follows: Instead of taking L to be the algebraic closure of A therein, one takes L
to be the field of fractions of S and consider the condition (∗) as in [17, Theorem 29.1].
By Zorn’s lemma, one can find a valuation ring B as demanded. The sought ring B will
be contained in S, as S is assumed to be normal. 
Proposition 3.5. Let (V, π, k) be an unramified discrete valuation ring of mixed charac-
teristic with infinite residue field and let (R,m, k) be a V -flat excellent local domain such
that V → R induces an isomorphism V/(π) ∼= R/m ∼= k. Assume that x0, . . . , xd is a
minimal system of generators of m and the map R → R is unramified in codimension 1,
where R is the integral closure of R in the field of fractions of R.
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Then there is a non-empty Zariski open subset U ⊂ Pd(k) for which (R/xα˜R)p is a semi-
local reduced normal ring of mixed characteristic for every α = (α0 : · · · : αd) ∈ Sp−1V (U)
and p ∈ Spec◦(R). If moreover depthmR ≥ 3, then R/xα˜R is a semi-local reduced normal
ring.
Proof. Let R̂ be the m-adic completion of R. Since R → R is module-finite, it fol-
lows that R̂ ∼= R̂ ⊗R R. Since R is an excellent normal domain, we get R̂ ∼=
⊕m
i=1 Si,
where (Si,mi,Ki) is a complete normal local domain with residue field Ki. (If moreover
depthmR ≥ 3, then depthmi Si ≥ 3.) Moreover, the natural mapping:
(3.2) R→ R̂ =
m⊕
i=1
Si
is faithfully flat. We note that the π-adic completion of V which is A := V̂ gives a
coefficient ring for R̂. Now we prove the following claim:
(#): Let SpA : P
d(A) → Pn(k) be the specialization map. For each i, there is a non-
empty open subset Vi ⊂ Pd(k) such that Si/xα˜Si is a normal domain of mixed
characteristic, where
xα˜ :=
d∑
i=0
α˜ixi
for every α = (α0 : · · · : αd) ∈ Sp−1A (Vi).
For brevity of notation, we write S = Si and K = Ki and let n be its maximal ideal.
Before starting the proof, we emphasize that the image of x0, . . . , xd in S generates the
n-primary ideal, which may fail to span the maximal ideal itself. To show the normality of
(S/xα˜S)p, it suffices to check Serre’s (R1) and (S2)-conditions. So let p ∈ Spec◦(S)∩V (xα˜).
If ht(p) > 2, then we need to show that depth(S/xα˜S)p ≥ 2. If ht(p) = 2, then we need
to show that (S/xα˜S)p is a discrete valuation ring.
First, we deal with the case ht(p) = 2. The point in this case is to modify the proof of
Theorem 3.2 as needed. We consider the exact sequence of completed module of Ka¨hler
differentials applied to A→ R̂→ S:
(3.3) Ω̂
R̂/A
⊗̂
R̂
S → Ω̂S/A → Ω̂S/R̂ → 0.
Since R̂ → S is module-finite, we know that Ω̂
R̂/A
= Ω
R̂/A
and that Ω̂
R̂/A
is spanned by
the image of dx0, . . . , dxd as an R̂-module. From the presentation R̂ ∼= R̂⊗R R, it follows
that R̂ is the integral closure of R̂ in the total ring of fractions. In particular, the map
R̂→ S is unramified in codimension 1. We also note that if p ∈ Spec R̂ for which R̂p → Sp
is unramified, then Ω̂
S/R̂
vanishes after localizing at p. Set
Q1 :=
{
p ∈ Spec◦(R̂)
∣∣∣ p is a minimal prime of Supp(Ω̂S/R̂)
}
,
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which is a finite set. As R̂→ S is unramified in codimension 1, every p ∈ Q1 has height at
least 2. Set Spec2(R̂) to be the set of all prime ideals of height 2. For all p ∈ Spec2(R̂)\Q1
(in other words, almost all primes in Spec2(R̂)), we get the vanishing: (Ω̂S/R̂)p = 0, which
shows that the Sp-module (Ω̂S/A)p is spanned by the images of dx0, . . . , dxd as can be
deduced from the exact sequence (3.3).
Recall that A is a coefficient ring for R̂, but may not be for S, because of the possibility
of the extension of the residue field extensions for R̂ → S. By Lemma 3.4, one can
construct a coefficient ring map B → S and a commutative square:
R̂ −−−−→ Sx x
A −−−−→ B
As the natural map Ω̂S/A → Ω̂S/B is surjective, we get the following:
(3.4) The natural map
m⊕
i=0
Spdxi → (Ω̂S/B)p is surjective for p ∈ Spec2(R̂) \Q1.
By applying Theorem 3.2 in conjunction with (3.4) yields the following: There exists a
non-empty open subset U ′ ⊆ Pd(K) such that
(3.5) xα˜ :=
d∑
i=0
α˜ixi /∈ p(2)
for p ∈ Spec2(S) \ Q˜1 and for α = (α0 : · · · : αd) ∈ Sp−1B (U ′) ⊆ Pd(B). Here Q˜1 is the
inverse image of Q1 under the finite map Spec(S) → Spec(R̂), so that it is again finite.
After applying [19, Lemma 4.2] to each prime in Q˜1, we have a non-empty open subset
U ′′ ⊂ Pd(K). For α = (α0 : · · · : αd) ∈ Sp−1B (U ′ ∩ U ′′), let xα˜ =
∑d
i=0 α˜ixi. Then if
p ∈ Spec2(S)∩ V (xα˜), since xα˜ is not contained in any prime ideal of Q˜1, the localization
Sp is regular. Therefore, (S/xα˜S)p is a discrete valuation ring in view of (3.5).
Next we examine the (S2)-condition, which is to say that ht(p) > 2. Since S is a
complete local normal domain,
Q2 =
{
p ∈ Spec◦(S)
∣∣∣ depthSp = 2 and dimSp > 2}
is a finite set by [9, Lemma 3.2]. Again applying [19, Lemma 4.2] to each prime in Q2,
we have an open subset U ′′′ ⊂ Pd(K) such that depth(S/xα˜S)p ≥ 2, where α = (α0 :
· · · : αd) ∈ SpB(U ′′′) and p ∈ Spec◦(S) ∩ V (xα˜) has height at least 3. Now there is a
commutative diagram of projective spaces:
Pd(V ) −−−−→ Pd(A) −−−−→ Pd(B)
SpV
y SpAy SpBy
Pd(k) Pd(k) −−−−→ Pd(K)
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Let V ⊂ Pd(k) be the inverse image of U ′ ∩ U ′′ ∩ U ′′′ ⊂ Pd(K). Then [19, Proposition 2.5]
and the commutativity of the above diagram allow us to conclude that V is the desired
non-empty open set establishing (#).
Let us now return to the notation as in (#). Let Ki be the residue field of Si. We have
the canonical mapping:
Pd(k)→
m∏
i=1
Pd(Ki)
and let U ⊂ Pd(k) be the inverse image of the subset ∏mi=1 Vi ⊂ ∏mi=1 Pd(Ki). Again by
[19, Proposition 2.5], U is a non-empty open subset of Pd(k), and the following holds: If
xα˜ :=
∑d
i=0 α˜ixi for α = (α0 : · · · : αd) ∈ Sp−1V (U), then (R̂/xα˜R̂)p is a normal domain for
p ∈ Spec◦(R̂) ∩ V (xα̂), and the element xα˜ belongs to R. The map induced by (3.2)
R/xα˜R→ R̂/xα˜R̂
is faithfully flat, thus implying the normality of (R/xα˜R)p. Finally, if depthmR ≥ 3 holds,
then depthmR/xα˜R ≥ 2 and R/xα˜R is normal. To make R/xα˜R of mixed characteristic,
one applies [19, Proposition 2.5] to the finite set of height-1 primes of R containing p,
concluding the proof. 
Now we have the following.
Theorem 3.6. Let (V, π, k) be an unramified complete discrete valuation ring of mixed
characteristic p > 0. Suppose that (R,m, k) is a V -flat complete local domain which induces
an isomorphism on residue fields k ∼= V/(π) ∼= R/m and that the following conditions hold:
(1) R→ R is unramified in codimension 1, where R is the integral closure of R in the
field of fractions of R;
(2) let x0, . . . , xd be a fixed set of minimal generators of m;
(3) the residue field k is infinite.
Then there exists a non-empty Zariski open subset U ⊂ Pd(k) such that (R/xα˜R)p is a
weakly normal local reduced ring of mixed characteristic for every α = (α0 : · · · : αd) ∈
Sp−1V (U) and p ∈WN(R) ∩ V (xα˜) ∩ Spec◦(R), where we put
xα˜ :=
d∑
i=0
α˜ixi.
Proof. Denote by R the integral closure of R in its field of fractions and consider the
complex of R-modules:
(3.6) C• : R
φ1−→ R φ2−→ (R⊗R R)red
as defined in Theorem 1.4 with φ2 := f − g. Notice that the localization (C•)p is exact
for p ∈WN(R). By Proposition 3.5, there is a non-empty Zariski open subset U ′ ⊂ Pd(k)
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such that the localization of R/xα˜R is normal at every p ∈ Spec◦(R) and every α = (α0 :
· · · : αd) ∈ Sp−1V (U ′). Moreover, let I = {p | p ∈ Ass(coker(φ1)) ∪ Ass(coker(φ2))}. By
applying [19, Lemma 4.2], together with [5, Lemma 1.1 and Lemma 1.6] to the finite set
of prime ideals in I, we can find a non-empty open subset U ⊂ U ′ such that every element
xα˜ attached to U satisfies the following property:
(∗) The natural map R/xα˜R → R/xα˜R is injective and torsion free. Whenever the
localization (C•)p of the complex as in (3.6) is exact, then the induced complex of
R/xα˜R-modules (C•/xα˜C•)p stays exact.
In other words, (∗) asserts the following: If xα˜ is attached to U and p ∈WN(R)∩V (xα˜)∩
Spec◦(R), then (R/xα˜R)p is a semi-local reduced normal ring, the complex induced by
(3.6):
(R/xα˜R)p → (R/xα˜R)p →
(
(R/xα˜R)p ⊗(R/xα˜R)p (R/xα˜R)p
)
red
is exact, and R/xα˜R→ R/xα˜R is the normalization map. Hence Theorem 1.4 applies to
conclude that (R/xα˜R)p is weakly normal. This completes the proof of the theorem. 
We obtain the local Bertini theorem for weak normality as a corollary.
Corollary 3.7. In addition to the notation and hypotheses of Theorem 3.6, suppose that
the complete local domain R is weakly normal. Then there exists a non-empty Zariski open
subset U ⊂ Pd(k) such that for every α = (α0 : · · · : αd) ∈ Sp−1V (U), the following holds:
(1) (R/xα˜R)p is weakly normal for every p ∈ V (xα˜) ∩ Spec◦(R).
(2) If moreover depthR ≥ 3, then R/xα˜R is weakly normal.
Proof. The first statement (1) immediately follows from Theorem 3.6, while the second
statement (2) follows from [16, Corollary (IV. 4)]. 
We considered a tantalizing condition that the normalization map R→ R is unramified
in codimension 1. This is satisfied, for example, when R has Serre’s (R1)-condition. One
should notice that weakly normal local rings possessing (R1)-condition are not always nor-
mal. Indeed, the authors of [8] introduced a certain class of commutative (not necessarily
Noetherian) rings, called perinormal rings. According to [8, Proposition 3.2 and Corollary
3.4], any Noetherian perinormal ring is weakly normal satisfying (R1)-condition. Based
on [8, Example 3.6], we present an example of an weakly normal complete local domain of
mixed characteristic, which is not normal, but which possesses (R1)-condition with infinite
residue class field.
Example 3.8. Let k be an algebraically closed field of characteristic p > 0 and let W (k)
be the ring of Witt vectors. Assume that the characteristic of k is different from 2. Let
us consider the subring:
R :=W (k)[[X,Y,XZ, Y Z,Z2]] ⊂W (k)[[X,Y,Z]].
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Then we can check this example satisfies all the desired conditions, for which we follow
[8, Example 3.6]. First off, the normalization of R is W (k)[[X,Y,Z]] and hence, R is
not normal. In [8, Example 3.6], it is shown that R/pR has (R1)-condition. Let P be a
height-1 prime ideal of R. If P = pR, then it is clear that RP is regular. If P 6= pR, then
one can find a height-2 prime Q for which P + pR ⊂ Q. Since the image of Q in RQ/pRQ
is generated by a single element, there is an element y ∈ R such that QRQ is generated
by p and y. Hence RQ and RP are regular. Since R/pR is weakly normal, one applies [2,
Corollary 4.1 in the excellent case] or [18, Proposition 4.11 in the general case] to conclude
that R is also weakly normal.
Question 3.9. We pose some questions.
• Can we remove the assumption that (V, π, k) is unramified or R→ R is unramified
in codimension 1?
• Can we formulate and prove the local Bertini theorem for the case when the residue
class field is finite?
• Can we prove the local Bertini theorem for seminormality?
At this point, it is necessary to assume that R→ R is unramified in codimension 1. This
was previously studied in the paper [4] as ”WN1-condition” (=seminormal+unramified
in codimension 1 for the normalization map), and then the authors of [5] used it to
establish the global Bertini theorem for weak normality over an arbitrary algebraically
closed field. On the other hand, the global Bertini theorem for weak normality in positive
characteristic without WN1-condition was refuted in [6]. This seems to suggest to us that
an appropriate formulation for the local Bertini theorem for weak normality in positive
characteristic requires the WN1-condition in an essential way. In the finite residue field
case, there is some recent work for the Bertini theorem over projective schemes; see the
paper [10].
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